The moving mirror model is designed to extract essential features of the black hole formation and the subsequent Hawking radiation by neglecting complication due to a finite curvature. We extend this approach to dynamically treat back reaction against the mirror motion due to Hawking radiation. It is found that a unique model in two spacetime dimensions exists in which Hawking radiation completely stops and the end point of evaporation contains a disconnected remnant. When viewed from asymptotic observers at one side of the spacetime, quantum mechanical correlation is recovered in the end. Although the thermal stage accompanying short range correlation may last for an arbitrarily long period, at a much longer time scale a long tail of non-thermal correlation is clearly detected. † Submitted for publication to Progress of Theoretical Physics ‡
I. Introduction
The end point of Hawking evaporation process poses a challenging problem of fundamental nature; a purely quantum mechanical massive state can gravitationally collapse, forming the event horizon, from which apparently thermal emission of radiation follows [1] . Does this process continue until complete evaporation? If this is the inevitable outcome, a pure quantum state can evolve into a mixed state and the fundamental premise of quantum mechanics is clearly violated [2] , but how is it violated? On the other hand, if this is not the case, how is the Hawking evaporation terminated and how is the lost information during the almost thermal stage recovered?
Until recently, this important problem has not been analyzed in sufficient detail to unambiguously resolve the issue. One of the main reasons for the lack of convincing arguments is that the important element in the analysis, before one makes a definite conclusion, is still missing: the back reaction problem. It is a formidable task, in any realistic situation, to incorporate, beyond the leading semiclassical approximation, the back reaction against the spacetime structure due to Hawking radiation. Unless one can follow the back reaction till the end point, it is however difficult to accept without reservation any proposal for the resolution.
Recent upsurge of interest in this problem stems from the observation that the essential features of the spherical collapse may be retained in a class of two dimensional dilaton gravity theories [3] in which the back reaction may be analyzed in considerable detail. Yet no consensus on the end point behavior emerged despite many interesting works [4] .
In this paper we shall adopt the moving mirror picture [5] to further advance the analysis of the end point behavior of Hawking evaporation. It is well known [6] , [7] that the accelerating mirror can induce the Hawking radiation from vacuum in essentially the same manner as in the black hole case. One can sharpen this correspondence in the case of dust shell collapse [8] , [7] . Thus at least in the semiclassical level the moving mirror model is an excellent approximation to the Hawking radiation. The remaining task in this picture is to dynamically treat the back reaction against the mirror particle due to Hawking radiation and is to remedy the shortcoming of the mirror approach, namely to include the neglected effect of curvature.
In this paper we shall take up one of these tasks, and incorporate the back reaction by exploiting experience gained by two dimensional toy models. We shall mainly examine a particular underlying dilaton model, although our treatment of the back reaction may be applied to other similar models, and indeed we have some results in a variety of other models.
We shall state our main physical results at this introductory stage. Our classical dilaton model [9] describes the gravitational collapse of a massive body, which results in formation of event horizon. This model does not possess the curvature singularity in the usual sense, although idealization of the massive source by a point particle does contain a weaker delta-function singularity. The weak curvature singularity in this case is presumably an artifact of the localization, and is expected to be smeared out for an extended source. Existence of the event horizon gives rise to Hawking radiation, as verified either by the technique of Bogoliubov transformation [1] or by a calculation of one loop quantum effect [10] , [3] .
In the corresponding moving mirror picture of this model the mirror trajectory approaches a null asymptote at an exponentially rapid rate, receding from asymptotic observers. This exponential recession is crucial to derive the thermal spectrum.
In the mirror picture one imposes the reflection boundary condition to incident waves in order to mimic the spherically symmetric collapse in which the radial coordinate is restricted to a half of the infinite one dimensional space. The canonical quantization of the massless field having the boundary of the reflecting mirror in two spacetime dimensions induces the Hawking radiation, when applied to the mirror trajectory corresponding to formation of the event horizon. The thermal particle production is caused by mixing of the positive and the negative energy states occuring as a consequence of that incoming waves at very late times are never reflected from the mirror in this case. This interpretation of Hawking radiation is physically transparant and well documented in the literature [6] . Fortunately one can do much more than this in the mirror picture by closely examining the behavior of quantum field with the reflection boundary. This is what we wish to mainly investigate in this work.
Thus the obvious important step is to incorporate the back reaction against the mirror motion due to the particle production. It is important to formulate the problem such that effect of particle production or more generally quantum effect with the reflection boundary can be taken into account without assuming a specific mirror trajectory. We first unambiguously compute the local stress tensor giving rise to an asymptotic flux produced quantum mechanically and observable to those sitting far away from the mirror. We then proceed to determine the force term that expresses in the mirror equation the back reaction against the mirror particle by imposing invariance under reparametrization of the mirror trajectory as in the ordinary point particle case. There is some degree of uncertainty in this procedure, and even in our limited approach there is one undetermined parameter. We shall investigate how final physical results depend on this parameter. It turns out that only a specific choice of this parameter yields an interesting model of complete Hawking evaporation consistent with quantum mechanical evolution seen by asymptotic observers.
Once the classical mirror dynamics is specified by the underlying gravity model such as a two dimensional truncation of the spherically symmetric collapse or a dilaton model, then one may follow the fate of mirror particle including the quantum back reaction. Under the usual setting of a very massive collapse this treatment gives rise to Hawking radiation for a long period of time, but one may further detect decay of the thermal correlation, depending of course on the underlying gravity model, or equivalently on the corresponding classical mirror trajectory. The most urgent issue to settle is of course the end point behavior of the mirror motion, from which one can deduce the end point behavior of spacetime and how quantum mechanical correlation behaves. All this sort of questions may be answered in our approach by analyzing a single nonlinear differential equation for the mirror motion which includes the quantum back reaction.
The specific model we most closely examined predicts a unitary quantum mechanical development that may be seen to asymptotic observers. In the mirror picture the trajectory approaches in the end a null line with a uniform acceleration, in contrast to the growing acceleration in the case of the event horizon formation. Although there remains a disconnected area resembling some kind of a remnant, the outside world recovers the usual correlation as in the case of a fixed boundary, and the Hawking radiation stops. The thermal stage of Hawking radiation accompanying short range correlation may last for an arbitrarily long period of time, but there exists a long tail of non-thermal correlation viewed much beyond this time scale. Thus the system we have here is a very unusual one quantum mechanically, being characterized by a long range correlation in spite of the local thermal behavior. In all other models we investigated, the unitary evolution breaks down to the asymptotic observer.
During the course of this work we came across a paper by Chung and H.Verlinde [11] . Their work differs from ours, in two technical points and one fundamental point:
technically, first on how to treat the back reaction and second on the underlying classical model itself. At the more fundamental level, Chung and Verlinde extract the mirror model from the two dimensional dilaton theory by identifying a constant line of the dilaton factor e −2ϕ as the location of the mirror point. This procedure is by no means unique, and we shall take a somewhat different path. We shall make a few comments on their work in appropriate places, but let us state at the very beginning that their final picture is entirely different from ours; their model fails to terminate Hawking radiation. Presumably the Planck scale physics is important to settle the issue of the information loss paradox in their model.
We do not claim that our end point behavior is unique, but at the very least we may point out that an interesting toy model of complete Hawking evaporation has been found, consistent with quantum mechanics, but at the price of remnants. How we may extend our analysis to more realistic four dimensional cases is another story,
and much left to a further development in the future.
The remainder of this paper is organized as follows. In Section II the moving mirror model is formulated assuming that the corresponding gravity model is given.
In the situation in which the classical spacetime allows formation of the event horizon it is shown that the mirror trajectory approaches a null line at an exponential rate. A specific example of a two dimensional dilaton model is used as an illustration. Behavior of the quantum field in a curved spacetime is closely related to the quantum field with a moving boundary. In Section III this subject is reviewed in two spacetime dimensions to the extent relevant to our later discussion in order to make this paper self-contained. How the moving mirror picture describes the essential features of Hawking radiation is explained in considerable detail. Also is emphasized a particularly illuminating explanation of Hawking radiation from a hole theory viewpoint. To determine whether or not particle production occurs is thus almost equivalent to whether mixing between the positive and the negative energy states takes place. In Section IV we formulate the problem of incorporating the back reaction against the mirror motion due to particle production in such a way that the mirror equation of motion is modified by a local term. In Section V the classical part of the mirror action is given for the underlying two dimensional dilaton model of our interest, and the back reaction problem is analyzed and solved for this model. Both analytical and numerical methods give a unique end point behavior, as explained in the preceding paragraphs. Section VI is devoted to extension of models. Some of the detailed formulas not crucial to understanding the main body of arguments is relegated to Appendix A-D.
II. Gravitational collapse and moving mirror
The moving mirror model [5] , [6] , [7] , [12] is introduced to extract essential features of any realistic gravitational collapse, in particular the four dimensional spherically symmetric collapse, discarding inessential complexity of a real situation.
Consider a mirror point moving to the left with a constant velocity in 1 + 1 dimensional spacetime. Light rays incident on the mirror from the right get red shifted after reflection, in much the same way as rays emerging from a gravitational potential. Imagine next that the mirror is further accelerated to the left towards the light velocity. Left moving rays that barely catch up the mirror get reflected, but are much more red shifted as they hit the mirror more lately. In the end some rays never reach the null asymptote of the mirror trajectory as in Fig. 1 . These rays remain left moving forever, and in the corresponding collapse situation they may be regarded as permanently trapped within the black hole, or more precisely within the event horizon of the collapsed object.
In order to precisely formulate the gravitational collapse in the mirror framework, one must identify the center of the collapse as the location of the moving mirror. In the original coordinate of the collapse geometry the center location is taken to be at a fixed x 1 = 0, or equivalently at x + = x − in the light cone coordinate. The region left to the center, x + < x − , does not exist, since waves are reflected at the mirror. We have in mind the spherically symmetric collapse in four dimensions with x 1 replacing the radial coordinate. The original collapse spacetime described by x ± is mapped by a coordinate transformation to the mirror spacetime which is assumed to be a Minkowski spacetime. Since the coordinate transformation cannot generate a nonvanishing scalar curvature, in this formulation one deals with a flat spacetime alone, except possibly being curved at the center which might correspond to the usual curvature singularity. Note, however, that one can deal with the spacetime with event horizon, whose presence is the key to Hawking radiation. The mirror approximation thus ignores a hopefully minor effect, the curvature effect.
Using as the mirror Minkowski coordinates the light cone variables σ ± = σ 0 ±σ 1 , one defines the mirror trajectory by 1) such that the mapping to the collapse spacetime is given by
One may take by convention that the past null infinity of the mirror spacetime is mapped to the past null infinity of the collapse spacetime; p(− ∞) = − ∞ . By this construction the original spacetime metric is given by
2)
To ensure the asymptotic flatness,
must take the Minkowski spacetime locally at the past null infinity as
which is then equivalent to that
In the mirror picture this means that we only consider the mirror point initially at rest;
The crucial feature for the presence of the event horizon is existence of a simple
with κ a positive constant. At the position of the zero x H , the flat Minkowski coordinate σ − then behaves like
3)
Thus to an asymptotic observer to whom the relevant flat coordinate is σ ± it takes an infinite amount of σ − time to reach the event horizon at x − = x H : the characteristic feature of the event horizon. Furthermore this implies that in the mirror picture the mirror trajectory asymptotes to a null constant σ + line at an exponentially rapid rate e − κσ − , namely, 4) with ξ > 0. This and only this feature of the mirror trajectory is important to derive the thermal spectrum of Hawking radiation. For instance, an approach to a null line with a power rate does not correspond to presence of the event horizon in the collapse geometry.
Although the detailed form of the mirror trajectory p(σ − ) is not important in most of our discussion, it would be useful to mention at this point that the metric given by 5) with x + > x − , is an exact classical solution of a variant of two dimensional dilaton gravity [9] . The parameter M represents the mass of the collapsing body, while the λ 2 is the fundamental parameter of the underlying dilaton theory of dimension [mass] 2 , the cosmological constant. Actually, this spacetime is only a half of the wormhole spacetime considered in Ref. [9] . The disconnected other half, x 1 < 0, is replaced here by the reflecting mirror keeping in mind the four dimensional spherically symmetric collapse.
The event horizon is located at x − = x H with 6) in this model. The mirror coordinate σ − is derived by integrating
with the initial condition,
Thus the precise relation between the collapse spacetime and the mirror coordinate is as follows;
In terms of the space and the time coordinates the mirror trajectory is given by
Asymptotically the mirror approaches the null line, σ + = x H , at an exponential
Thus the parameters in the previous general discussion are given by 2) with ω > 0 :
We may call these modes in-modes. Since inmodes and their conjugates span a complete set of wave functions with the boundary condition, one may expand the massless quantum field as
The operators, a ω and a † ω , are interpretated as annihilation and creation operators appropriate to describe incoming plane waves onto the mirror.
Description of outgoing waves are less trivial. One might attempt to expand in terms of a similar set of out-mode fuctions with the unit outgoing flux;
Here q(σ + ) is defined by inverting the relation, z + = p(z − ) , with the result 
In the special example given previously by Eq.2.8, the right moving out-modes
The two descriptions, either on the null past infinity I − by Eq. 
The Bogoliubov coefficients are defined by (3.11) with the Klein-Gordon inner product The crucial point to particle production is whether mode mixing between positive and negative energy states occurs. This is judged whether or not a type of Bogoliubov coefficients vanish;β I ω ′ ω = 0. Indeed, at the right null infinity I + R , the particle number produced from the in-vacuum is the expectation value of the particle number operator computed in the in-vacuum; (3.13) This formula may contain, as in the case of Hawking radiation, the factor 2πδ(ω−ω ′ ), which expresses that the produced particle number is in proportion to the duration of time, hence the total number integrated over an infinite time interval is formally divergent.
In more intuitive physical terms this formula may be understood as follows.
Consider the in-mode function that obeys the reflection boundary condition,
One may regard the two terms in the right hand side as the incident and the reflected waves from the mirror, respectively. If one computes according to the usual flux formula the reflected flux, one finds that the flux is reduced by a factor, (3.15) with v the instantaneous velocity, right at the mirror point. This is precisely the red shift factor caused by the moving mirror. Namely, the flux is reduced, not necessarily because the wave amplitude is diminished, but also because of the Doppler effect. For the mirror moving with a constant velocity this is easy to understand; with a constant p ′ the reflected wave contains a single Doppler-shifted component of frequency ωp ′ . But with acceleration of the mirror something unusual happens; the function in the exponent ωp(σ − ) may contain various Fourier modes when decomposed. In particular it may contain negative frequency components. In fact, the mixing amplitude with a negative frequency is given byβ R * ωω ′ : the Bogoliubov coefficient. Thus, according to the hole theory idea, the number of emitted particles upon reflection is the number of mixed negative energy states that have been occupied before reflection, 1 2π (3.16) This coincides with the previous calculation of produced particles.
The thermal spectrum of Hawking radiation follows when one takes the mirror trajectory approaching a null line at the exponential rate. Using the previous asymptotic form of the trajectory, p(σ
This yields the particle number observed on I + R at late times;
It is precisely of the form of Planck distribution with the temperature T = κ 2π
.
One may also compute correlation functions and the stress tensor, which becomes important in the later discussion of back reaction. It is straightforward to calculate the two point correlation function by using the in-mode expansion. The result is
with ǫ → 0 + in the end of calculation. In the case of the fixed boundary this reduces 20) with p(σ − ) = σ − . Observable correlations of the massless field are given by
Conceptually it is better to distinguish correlators among right movers from those of the entire field f . By disentangling the left movers, we may define the quantum field f R relevant to asymptotic observers at I + R consisting of one of the two sets of modes f
In principle it should be possible to construct the density matrix relevant to observers at I + R from the field defined this way. Ignoring irrelevant infinities and writing the correlator valid in the region away from the horizon, σ + > x H , if it exists,
Derivation of this and related formulas is sketched in Appendix C. Some of our discussion is simplified by using the identity among the two field operators,
This operator identity should be evident since the right movers consist of those field components having reflected waves. The two descriptions, either in terms of f or f R , must give the identical result if one restricts observations to those at I + R . Thus it is possible to explicitly verify that
It is useful to write the two point correlator of the right moving field in terms of the vacuum expectation values in the in-vacuum. Using the out-mode completeness, 3.27) one may eliminateαα * terms, hence a R a †R in , in the two point correlator. Thus one derives 3.28) In this formula the first term represents the free field contribution with the fixed boundary, and one may look into absolute and relative significance of deviation from this, the last two terms, in a variety of situations of given mirror trajectories.
We now discuss the quantum stress tensor T ±± ; the expectation value computed in the in-vacuum. Its evaluation involves the coincidence limit that diverges.
Precisely which operator is relevant in the back reaction right at the mirror is discussed in later sections. Here is derived the asymptotic form of the stress tensor observable at the past and the future infinities. For this purpose we take the point splitting regularization, (3.29) and subtract the coincidence limit of field correlaters in the case of the fixed boundary; thus the local quantum stress tensor is defined by
The only nonvanishing stress tensor component is then , and
with t = z 0 and the prime denoting the t−derivative. The acceleration α in the instantaneous rest frame may be defined as
α . It might sound strange, but is true that a uniformly accelerated mirror does not produce energy flux in the asymptotic region.
It is now appropriate to discuss the nature of correlation when a particular form of the mirror trajectory p(σ − ) is given. First, for a constant mirror velocity, p(σ − ) = p 1 σ − with a constant p 1 = 0, and the correlation function
coincides with the free field correlation in the fixed boundary case. The stress tensor also coincides with that of the fixed boundary case; T −− (σ) = 0 . Thus there is no sign of the breakdown of quantum mechanical evolution if the end point of Hawking evaporation is the moving mirror receding with a constant velocity. This should be so, because there is no mixing of positive and negative energy states in this case, as discussed previously.
On the other hand, if one takes the accelerated trajectory towards the null line with the exponential rate σ + = x H − ξ e − κσ − , one finds that
34)
The right moving out-mode decomposition is diagonal in the sense that a
which may effectively be regarded as zero when one considers observable quantities by multiplying ωω ′ . An expression for . The constant energy flux arises from that the deceleration of the mirror particle is very large, (3.38) in sharp contrast to the case of the uniform acceleration.
We however note that the thermal behavior is not the whole story. As stresssed in Ref. [12] , [7] , there is a correlation among the left and the right movers as seen in
which becomes appreciable as σ ′+ approaches the horizon at x H . The correlation may get quite strong as σ ′+ → x H and in the limit (3.40) In terms of modes one can observe a sharper correlation [12] . For this purpose define a convenient set of left moving out-modes by 3.42) together with the expression forα R ω ′ ω Eq.3.37, one obtains a correlation between the left and the right modes,
Moreover, a possible subleading term to the asymptotic formula p(σ 
IV. Dynamical moving mirror with quantum back reaction
So far we discussed the situation in which the mirror trajectory is specified by hand, or the background metric is fixed in the collapse spacetime. As the next and the most crucial step we wish to incorporate the back reaction caused by emission of particles. In this circumstance one has to elevate the mirror variable z ± (τ ) to a dynamical one. This is most straightforwardly achieved by going to the action principle. This procedure should in principle be able to deduce the correct form of the back reaction, but the boundary term in the field action must be treated with great care.
Suppose that the classical part of the mirror action is given by 1) with the dot meaning
hereafter. As in the case of the usual point mass we demand that this lagrangian is invariant under reparametrization of the arbitrary parameter τ specifying the mirror path,
Requirement of the reparametrization invariance implies a constraint on the boundary term that arises from the field variation; when one writes this variation as
the condition Consider the action of a massless field with the boundary at the mirror,
We introduced the same arbitrary parameter τ as in the mirror action. Considering both the field and the boundary variation, one is led to
The first term gives the usual field equation, while the second contains the boundary variation δz ± as well as the surface term upon partial integration. No use of the boundary condition
is made in this derivation. Thus both for the Dirichlet and the Neumann condition, the boundary term arising from the variational principle is 8) with T ±± = (∂ ± f ) 2 the stress tensor components. This form automatically satisfies the force constraint Eq.4.4, since
In order to clarify the nature of the back reaction against the mirror point, let us assume for the moment the usual form of the action for the point mass,
Combined with the above form of the boundary interaction with the f −field, the action principle leads to the equation of the mirror motion, The classical boundary term Eq.4.8 that expresses the back reaction by incident and outgoing waves must be modified to incorporate the effect of spontaneous particle emission such as the Hawking radiation. This involves something like replacing the classical stress tensor by T µν , the expectation value of the stress tensor operator computed in the in-vacuum. But fixing the local back reaction term precisely needs some careful argument. First, a well-defined result for the quantum stress tensor follows in the asymptotic region far away from the mirror, by subtracting the free field limit in the case of the fixed boundary as done in the preceding section; 12) Note that this form is manifestly reparametrization invariant at the location of the mirror: σ ± = z ± (τ ) . All the other T µν (µ , ν = ±) vanishes. This stress tensor represents the asymptotic flux observed at the future null infinity I + R , when the state at the past null infinity I − was the vacuum.
Reparametrization invariant quantum back reaction at the mirror must obey the force constraint Eq.4.4. Assuming a symmetry under z + ↔ z − , we generalize the classical force ∓ T ±±ż ± , to a modified quantum force
such that the reparametrization invariance takes the form of
To some extent the choice of G(z + , z − ) is arbitrary. The consistency with the asymptotic flux Eq.4.12 for T µν , combined with a minimum number of the derivatives, suggests that 14) with α and γ constants to be determined. As a minimal requirement we demand that the quantum T −− should agree with the asymptotic flux Eq.4.12 when no incoming flux is present, T ++ = 0 . From this consideration one finds that α =
48π
unambiguously. Thus the back reaction is given by
with a free, undetermined parameter γ.
Furthermore, as a physical requirement we demand that a definite sign for the back reaction should automatically follow when the event horizon is formed. Namely, assuming the exponential approach to a null line for the mirror trajectory, z + ∼
x H − ξ e − κz − , one derives that
as z − → ∞ . The correct sign for the particle emission then gives
Various choices of γ are possible at this point ; we mainly consider the case of γ = 0.
Chung and Verlinde [11] took a different value of γ.
There is a unique feature for the choice of γ = 0. Suppose that we seek, as possible candidates of the end point behavior, all solutions in which the quantum back reaction does not contribute in the mirror equation, by imposing that F − = 0 .
This immediately gives the asymptotic outgoing flux,
The positivity of the flux, T −− ≥ 0 , implies that γ ≤ 0. Let us now write the asymptotic flux in terms of the velocity v of the mirror particle. Noting that
one finds with vanishing back reaction that Indeed, the end point behavior is most sensible for this case, as will be born out by our analysis.
Summarizing this section, we write the dynamical equation for the mirror particle without the reparametrization gauge fixing. With the classical part of the mirror lagrangian given by m l(z ± ,ż ± ) , it has the form of
Explicitly in terms of the parameter τ ,
(4.22)
A similar expression follows with the interchange:
Prior to solving the back reaction problem in the next section, it would be useful to classify possible types of end point behavior of the trajectory and its implications on Hawking evaporation in the moving mirror picture. Two extreme cases of the end point behavior are immediately listed: complete stop and continued approach to a null line at the exponential rate. In the first case the end point spacetime is a flat
Minkowski space, and the information loss puzzle is resolved most straightforwardly.
Of course even in this case how the almost lost information is recovered in the late phase of Hawking evaporation is an interesting problem. In the second case quantum mechanics is violated, but we may learn how the drastic revision of the fundamental physical law might be avoided by introducing new physics neglected in this approach.
Another less obvious, but interesting possibility is a final mirror motion with a constant recession velocity. In this case quantum mechanics is maintained, but the final state contains an object that renders all incoming waves red-shifted by a universal amount
determined by the final mirror velocity v. One may justifiably call this object a remnant [7] . The remnant must have unusual properties as a source of gravity. The possible existence of remnants at the end point of Hawking evaporation has been discussed many times in the literature [13] . There may be other possibilities that are not easily guessed at this point. In any case the result will come out automatically once the classical mirror model is set up and one can solve effect of the back reaction unambiguously.
V. Model of Hawking evaporation
The simplest spacetime that dynamically gives rise to the event horizon would be half of the wormhole spacetime in a variant of two dimensional dilaton gravity [9] . This is an exact and the only sensible, sensible as a model of gravitational collapse, classical solution of a lagrangian field theory with the action,
The field ϕ here describes the dilaton. The cosmological constant λ 2 sets a length scale in the theory. When the matter part L (m) is taken to correspond to a local source, with the stress tensor of
the resulting metric in the conformal gauge, ds 2 = − e 2ρ dx + dx − , is the one given in Section II. This spacetime is free from the curvature singularity in the usual sense despite the presence of the source term ∝ δ(x 1 ). Chung and Verlinde took a different model: the original CGHS model [3] which differs from our model Eq.5.1 in two signs in the action.
The corresponding mirror trajectory in our model is readily constructed as described before. The question now is how to write a possible form of the action leading to this mirror dynamics. Although we feel that a more fundamental approach might be contemplated, we shall be content here to give the mirror lagrangian and discuss its equivalence to the wormhole spacetime. In the next section we give an argument of how this particular model is selected out in a class of mirror models. With a minimum number of derivatives and the reparametrization invariance in mind, the classical action we take is
with the sign of m chosen to match anticipated effects of the back reaction. One might say that a non-trivial dynamics of the mirror particle is driven by a varying mass factor e − 2λz 0 . 4) and another equivalent equation with the replacement, + ↔ − . The solution in the gauge of the proper time, √ż +ż− = 1 , is given by 5) with the parameter range −∞ < τ < 0 , ignoring inessential complications. From this (5.6) This is equivalent to the one Eq.2.8 in Section II, with
The classical equation that arises from this action is
. This solution may also be derived directly in the gauge of τ = z − . The mirror approaches a null line,
, asymptotically at an exponential rate of e − 4λt ∼ e − 2λz − .
From the expression of the mirror trajectory z 1 (z 0 ) in Eq.2.9, one may compute the recession velocity, 7) with t = z 0 the coordinate time. With the precise form of the mirror trajectory known the semiclassical flux is computed as
: the result Eq.3.35 with κ = 2λ.
With the classical mirror dynamics set up, we may proceed to analysis of the quantum back reaction caused by particle production. In this section we shall choose the parameter γ that appears in the back reaction formula in Section IV to be vanishing. With this choice the full equation for the mirror particle is
...
... 9) and another equivalent equation with the replacement, + ↔ − . With a gauge choice the dynamical equation is simplified. For instance in the gauge of τ = z − , the independent equation is written as
As a check of the effect of back reaction we make an adiabatic approximation assuming that the mass parameter K is slowly varying. With higher derivatives ignored, 
In the second case 14) or equivalently z
The second possibility is known as the motion of uniform acceleration in the literature [14] , because in the instantaneous rest frame the acceleration α defined by Eq.3.33 is constant;
By considering the full equation 5.12 one then proves that the approach towards a constant v 0 = −1 is impossible; the first possibility is rejected. First, the final velocity v 0 must be negative to conform to the initial negative acceleration together with the impossibility of v ′ = 0. Then the perturbation analysis indicates that
Thus starting from the initial v = 0, the mirror velocity approaches the final value v 0 < 0 from below. This would however be incompatible with v ′ = 0 at any finite time. We thus singled out the possible mirror motion allowed for the end point behavior: recession with a uniform acceleration.
One can work out the approach to the asymptotic mirror motion by solving the perturbation around the end point behavior v = f 0 (t). With v = f 0 (t) + δv , the asymptotic perturbation equation reads with c =
for t → ∞ . Thus the deviation of the mirror trajectory from the end point formula is given by
The approach to the end point behavior is thus exponentially rapid. For instance, Although our analytic method is adequate to establish the end point behavior,
we did for completeness a sample numerical integration to the differential equation to the mirror motion. A typical behavior of the asymptotic flux T −− that exhibits the semiclassical Hawking picture at intermediate times and the one that does not are shown in Fig. 2 and Fig. 3 for various models of different γ (γ = 0 case to be discussed later) and different classical mass parameter M. Difference in Fig. 2 and Fig. 3 lies in the strength of the back reaction measured by the magnitude of mM, differing by a factor 10 8 in the two figures.
, there is no resemblance to the Hawking picture since quantum effects become sizable even before any precursory symptom of event horizon formation occurs. In Fig. 4 is shown the behavior of the mirror trajectory for the same set of parameters as in Fig. 3 .
The end point behavior of the mirror motion is quite unique in many respects.
With the precise form of the trajectory function at the end point given by
with a correction of order (σ − ) −3 e − λσ − , the correlation exactly coincides with the free field value of the fixed boundary case, Although no energy flux is detected to an asymptotic observer in the end, the Bogoliubov coefficients do not vanish for this uniform acceleration [14] . Taking the simple form of the late time trajectory Eq.5.21, one finds that What precisely is left behind is not known at present, and one presumably needs an approach somewhat different from that taken so far, in order to gain a deeper insight into the remnant.
We wish, however, to point out that the left-right correlation such as observed in the case of event horizon formation is absent here. From
one finds for σ in the thermal stage and σ ′ in the end point stage that
The limiting value that results as σ ′+ approaches the null line at B is vanishingly smaller compared to the thermal case Eq.3.40, the ratio being (M (B − x H ) )
Thus there is no left-right correlation remaining.
In retrospect, one could have enumerated beforehand all possible forms of the mirror trajectory leading to the "free" field correlation. Indeed by solving the func- 5.27) that expresses agreement of the two point correlation
in with the case of the fixed boundary, one finds the most general solution of the form 
This is followed by a long period of thermal correlation of short range, behaving like − λ 2 π e −2λ|σ 0 −σ| . However this thermal correlation does not last forever, and for (5.30) This long term correlation is stronger at an earlier stage of the thermal period because of the factor e −2λσ 0 . We stress that the system viewed at the right null infinity I + R obeys the law of quantum mechanics, but it is an unusual quantum system characterized by a long range correlation in spite of the local thermal behavior at intermediate times.
The simple end point behavior of the correlation function is related to a special Lorentz invariance of the final mirror trajectory. By appropriately shifting the origin of coordinates one may write the mirror trajectory in the new coordinatesσ ± as
This trajectory is invariant under a Lorentz boost, (5.32) with µ a real constant. Indeed, the correlation Eq.5.22 respects this Lorentz covariance, as it should be. The entire two point correlation may be recast into a manifestly Lorentz invariant form;
with ∆σ
There is even a larger dynamical symmetry that manifests as a global symmetry such as the Lorentz invariance above when restricted to a limited spacetime region. This is a spacetime dependent symmetry that locally leaves the mirror trajectory invariant, and at initial times manifests as the time translation symmetry because the mirror is initially at rest. Presumably a deeper understanding of our results is gained from this symmetry viewpoint. We wish to come back to this point in the future.
One may reconstruct the spacetime metric from the mirror trajectory as described in Section II. In the original coordinate x ± has a semi-infinite range; x − < C A , and the metric at the end point is given by
The spacetime is flat except at the origin. The finite curvature at the origin is computed from the formula,
The end point behavior thus found at the origin is
The curvature looks gradually diminishing to an asymptotic observer since to him the relevant coordinate is
(5.37)
VI. Extension to other models
In the preceding section we discussed a particular model of mirror dynamics and found some interesting results on the end point behavior of the Hawking evaporation.
In this section we briefly mention generalization of models. Extension is directed in two ways : first to consider the cases of modified back reaction in which γ = 0 , and second to generalize the classical action of mirror dynamics.
Let us first write down the mirror equation in terms of the velocity v in the generalized cases in which the back reaction parameter γ = 0; , this leads to the following end point behavior;
The special case of γ = − , as
The stress tensor behaves like 5) and a complicated correlation, neither agreeing with that of the fixed boundary case nor with that of the thermal case, remains. The end point behavior of the spacetime metric is given by (6.6) In the special case of γ = − 1 2 one finds that 8) as t or z − → ∞ . Although the classical behavior of the mirror motion is modified, the end point still has an approach to a null line with an exponential rate. Thus the event horizon remains in this special case, and there is a finite modified flux of Hawking radiation
Some examples of numerical integration for models of γ = 0 are shown in Fig.   2 to Fig. 4 . One can observe in these models behaviors entirely different from the model of γ = 0. The asymptotic flux T −− is the best quantity to distinguish various models. Models of γ = 0 and γ = − stand out as anticipated.
Summarizing this class of extension, one may conclude that only the case of γ = 0 considered previously yields an entirely unitary evolution seen at the right null infinity, and that there is even a situation in which Hawking radiation never stops.
Our classical mirror model is based on a well defined dilaton theory in two dimensions. However it would be interesting to pursue the mirror model in its own right. In this respect one might attempt to classify a set of mirror models whose actions give rise to a reasonable classical behavior appropriate for our discussion of the gravitational collapse. With a minimum set of assumptions what is achieved is very much limited, nevertheless we shall describe our finding. Consider a class of reparametrization invariant mirror action of the form,
Equation of motion follows from the variational principle; 11) and a similar equation for the replacement, + ↔ − .
We may derive constraint on the form of allowed l(z + , z − ) by imposing that the mirror trajectory corresponding to the event horizon formation should be a consistent solution to the equation of mirror motion. For this purpose we first write the mirror equation without the back reaction term F − in terms of the velocity,
We further make a simplifying ansatz for z ± dependence of the unknown function l:
with η a constant, and put in the asymptotic form of the solution corresponding to the formation of event horizon, v ∼ −1 + 2κξ e − 2κt . This consideration determines the allowed form of l(z + , z − ) in the asymptotic region, 6.13) Back to the mirror equation with this given, 14) one has an improved solution in the late time; 
A. General properties of the Bogoliubov coefficients
Let us first recall the in-mode and the out-mode decomposition in our problem,
where the Klein-Gordon inner product is defined by
Mode mixing equations are then
Exact symmetry relations for the Bogoliubov coefficients follow by noting the invariance of the Klein-Gordon inner product Eq.A.3;
Furthermore, when propagating mode functions of the form e ±iωa(σ) are adopted with a(σ) a real function, one finds an additional relation,
These formulas may be used to simplify some general discussion.
We next write the completeness relation for the Bogoliubov coefficients. Using the in-mode and the out-mode commutation relations, .12) by recalling the definition of the Bogoliubov coefficients. Similarly .14) B. Explicit formulas and some relations of
Bogoliubov coefficients for our modes
The mirror model most extensively discussed in the text is defined by the trajectory function and the in-mode function of the form
The right moving out-modes are given, with the inversion of σ 
C. Correlations among right-movers
The right-moving field with the reflection boundary condition is defined by 1) where the right moving out-mode function is
By noting that f R * ω = f R −ω , the two point correlator made of these right movers is calculated as
with the Klein-Gordon inner product given by
By noting that the original integrand is 5) and using the completeness relation Eq.A.13, one may write the correlation as in Eq.3.28 of the text.
Explicitly, the mode sum is performed as 6) with ǫ(x) the signature function : ǫ(x) = 1 for x > 0 , and = −1 for x < 0 .
The inverted function q(σ + ) is not defined for σ + > x H , thus is to be discarded in this region. Both infrared and ultraviolet divergences are cancelled out in this formula. Ignoring irrelevant infinities and writing the correlator only in the region
Thus observable correlators are identical to those of the complete field
This identity may be proved valid also for an extended region of σ + < x H . This should be expected, because ∂ − f = ∂ − f R as an operator identity.
D. Definition and simple properties of Schwartzian derivative
The Schwartzian derivative is defined by
where f is regarded as a function of x : f (x) , with the notation ∂ x = where a is a constant. 
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